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Introduction
The vector invariant form of the momentum equations expresses the advection of momentum as the sum of the gradient of the kinetic energy and the vector product of the velocity and the vorticity. This form is used to derive Kelvin's circulation theorem [Pedlosky(1987) ] and was used by [Sadourny(1975) ] to discretise the shallow water equations (SWEs). In that paper Sadourny proposed two schemes, demonstrating that one conserves energy and the other, now known as the ens scheme, conserves the volume integral of potential enstrophy (the square of the potential vorticity). He later devised the een (energy and enstrophy) scheme, which for the SWEs conserves the total energy for general flows and enstrophy for non-divergent flows. This scheme was tested in a hydrostatic primitive equation (HPE) model using pressure based sigma coordinates by [Burridge and Haseler(1977) ]. [Arakawa and Lamb(1981) ], hereafter referred to as AL, derived the Arakawa-Lamb (AL) scheme which, for the SWEs, conserves the total energy This article is protected by copyright. All rights reserved.
This article has been accepted for publication and undergone full peer review but has not been through the copyediting, typesetting, pagination and proofreading process, which may lead to differences between this version and the Version of Record. Please cite this article as doi: 10.1002/qj.2950 and enstrophy for general flows. AL also provided a proof of the conservation properties of the een scheme. [Hollingsworth ~al.(1983)Hollingsworth, Kallberg, Renner and Burridge] , HKRB hereafter, reported that the een scheme as implemented by [Burridge and Haseler(1977) ] was prone to near-grid-scale instabilities which reduced the kinetic energy of the jet stream particularly in their higher resolution model. They provided an heuristic linear stability analysis which accounted for the 3-grid-point structure of the instabilities in the horizontal and predicted that the growth rates should be proportional to c fu/ , where f is the Coriolis parameter, u is the speed of the flow in the basic state and gH c = is the gravity wave speed. This prediction was consistent with their experimental results for different speeds u and their finding that the modes with highest vertical wavenumber (and smallest speeds c ) are the most unstable ones. From the dispersion relationship derived by HKRB it is clear that the instability is a form of destabilised inertia-gravity wave. HKRB also proposed a modified scheme involving reformulations of the kinetic energy gradient and the mass fluxes for the een scheme and showed that it was effective in suppressing the instabilities. A similarly modified form of the AL scheme can also be used (see section 6 of AL) and [LaziÀ~al.(1986) LaziÀ JanjiÀand Mesinger] derived a modified form of the een scheme for the E-grid.
There has recently been renewed interest in these instabilities for two reasons. Firstly some ocean models now use grids which resolve the Rossby radius of deformation very well. Ducousso and le Sommer (personal communication) found that the NEMO model, which uses the een scheme, when configured with a 1 Nautical Mile grid spacing had significantly reduced kinetic energy in the mesoscale flow unless the kinetic energy was reformulated as proposed by HKRB. Secondly a number of researchers such as [NiÀ~al.(2002) NiÀ Gavrilov and ToÀ, [Thuburn(2008) ], [Ringler ~al.(2010) Ringler, Thuburn, Klemp and Skamarock] , [Skamarock ~al.(2012) Skamarock, Klemp, Duda, Fowler, Park and Ringler] and [Gassmann(2013) ] are seeking to develop atmospheric models using meshes with triangular, hexagonal or pentagonal elements employing the vector invariant momentum equations. [Gassmann(2013) ] discusses the Hollingsworth instability from an historical perspective and concludes, in agreement with HKRB, that the instability would be more pronounced the less stable the stratification. She also proposes a method for choosing the formulation of the kinetic energy on regular hexagonal grids so as to minimise the size of the term in the momentum equations which lead to the instabilities. [Skamarock ~al.(2012) Skamarock, Klemp, Duda, Fowler, Park and Ringler] show that their scheme is prone to the Hollingsworth instability and use [Gassmann(2013) ]'s formulation of the kinetic energy to suppress it.
As noted above, HKRB provided a good initial theoretical analysis of the instability, but their derivation of the dispersion relationship for the instability included the neglect of a term which was only justified by a rather ad hoc argument. Also some aspects of the occurrence of the instability have not been clarified since the work of HKRB. [Arakawa ~al.(1992) Arakawa, Mechoso and Konor] argue that the properties of isentropic coordinates "do not allow room for" the Hollingsworth instabilities. [Arakawa(2000) ] notes that the family of consistent energy and enstrophy conserving schemes (including the een and AL schemes) that AL derived generally behave well for the SWEs. He suggests that the Hollingsworth instabilities arise in pressure or sigma coordinates "at least in part" because of the formal application of the schemes in these coordinates in which the layer depth h is replaced by the thickness of model layers despite the fact that the model levels are not material surfaces. This has left developers of new dynamical cores uncertain how to test their schemes using the SWEs. This is very inconvenient for them This article is protected by copyright. All rights reserved.
Accepted Article and a better understanding of the occurrence of the instabilities in easily accessible variants of the SWEs is highly desirable. This paper has two main aims. The first is to confirm that an idealised 3D basic state consisting of a uniform horizontal flow (independent of x , y and z ) in a stably stratified fluid on an f -plane can suffer from Hollingsworth instabilities when the original een and AL schemes are used to discretise the equations of motion. Because the isopycnals in the basic state are flat, these linear instabilities can be analysed using separable solutions that are the product of vertically varying normal modes and solutions to linearised SWEs. The resulting linearised SWEs also determine the stability of an appropriately balanced layer of shallow water moving with the same velocity ) , ( 1 1 v u on an f -plane. This result will allow the potential for Hollingsworth instabilities in 3D problems to be explored with new numerical schemes using appropriately specified 2D problems.
The second aim is to derive the matrices determining the dispersion relationships for these linearised SWEs and to analyse them in some detail. It is shown that the modifications proposed by HKRB and AL to the een and AL schemes remove spurious off-diagonal terms (non-cancelling advection terms) from the stability matrix and recover its Hermitian form. This makes the schemes stable for any linear disturbance to the idealised basic states. The original een and AL schemes in isopycnal coordinates are also shown to be neutrally stable to all perturbations. Numerical results and an expression for the instabilities in height coordinates suggest that the most unstable perturbations are fairly closely aligned with the grid.
It is more natural to consider the simple 3D basic state described above in an oceanic context, where variations in the surface height of the ocean can easily occur and affect the pressures at all depths, than in an atmospheric context. For this reason the analysis is presented using the Boussinesq, equations which are appropriate for the ocean (rather than the equations of state for a perfect gas appropriate for the atmosphere). The normal modes of the continuous equations for an atmosphere on a sphere are also separable (provided one makes use of traditional assumptions such as the shallow atmosphere approximation) and the equivalent depth of the vertical modes is independent of their frequency if the motions are taken to be hydrostatic [Daley(1988) ]. These points also hold for the vertically discrete equations studied by [Thuburn and Woollings(2005) ]. So we would expect our analysis to be relevant to atmosphere models as well as ocean models.
The linear stability analysis of the states described in this paper is most safely approached by writing out the full non-linear governing equations and the description of the basic state in discretised form, then deriving from these the linearised equations, and finally deriving the separable solutions. This approach is unnecessarily lengthy and with some care it is possible to linearise the equations and derive the separable solutions using the continuous equations and then discretise. Section 2 writes down the full non-linear governing equations and the linearised equations for their separable solutions firstly for z -coordinates and secondly for isopycnal coordinates. The derivations of these equations are given in appendices 8 and 9. The linearised equations for the solutions which vary in time and in the horizontal are then derived by linearising two sets of SWEs. The only difference between the two sets of SWEs is that the generalised Coriolis terms in the one relating to isopycnal coordinates are the product of the potential vorticity, q , and a depth weighted velocity Accepted Article coordinates. The vertical modes with the highest vertical wavenumbers have small equivalent depths as one would expect from the vertical modes for the continuous problem. It is shown that on the Lorenz grid the smallest equivalent depths reduce as the number of vertical levels ( K ) increases at a rate which is a factor of 2 K faster than that of the continous modes and that this result is related to the presence of the computational mode on the Lorenz grid. The resulting reduction in the phase speed of the gravity waves ( c ) on the Lorenz grid for these modes increases their Froude number ( u F ) and exacerbates the Hollingsworth instabilities. Section 4 first describes the discretisation of the SWEs using the een scheme and derives the discrete form of the linearised SWEs for both height and isopycnal coordinates. It then reduces the analysis of the stability of the scheme to an eigenvalue problem involving 3 by 3 matrices written in a non-dimensional form and shows that for the modified form of the een scheme the matrices are Hermitian and hence that the scheme is stable. Section 4 also shows that all linear perturbations are neutrally stable for the original een scheme in isopycnal coordinates. Appendix 11 shows that the same conclusions hold for the AL scheme and appendix 12 provides an interpretation of the stability of the schemes in isopycnal coordinates. Section 4 ends by illustrating the dependence on the Froude and Rossby numbers of the instabilities with the aid of analytical calculations for some special cases and numerical evaluations.
Section 5 illustrates the nature of the instabilities further using integrations of the SWEs and proposes test cases with doubly-periodic Cartesian domains that could be used to test whether new numerical schemes suffer from these instabilities. Section 6 provides a concluding summary and discussion and the tables in appendix 7 provide a summary of the symbols used in the main body of the paper.
Model formulation and separation of variables
The governing equations will be taken to be a form of the hydrostatic, incompressible, adiabatic, Boussinesq equations suitable for a liquid. They will be written in Cartesian coordinates and the Coriolis parameter f will be taken to have a constant value 0 f . The horizontal kinetic energy per unit mass will be denoted by
the vertical component of the relative and total vorticities will be denoted by ζ and Z respectively with
and 00
ρ will denote a constant density.
Formulation in height coordinates

Governing equations
In height coordinates, the Bernoulli function Φ is given by ,
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The horizontal momentum equations in vector invariant form are then . The viscosity will be set to zero except in this section and section 4.6 where the stabilising effect of viscous terms on perturbations with small Froude numbers is discussed.
The density, ρ , will be taken to be conserved following the motion,
and the flow will be assumed to be incompressible
The domain will be taken to be unbounded in x and y and to have a flat boundary at H z − = where the vertical velocity is zero. Attention will be focussed solely on the baroclinic modes for which to a very good approximation the upper boundary at 0 = z also has zero normal velocity so . 0, = 0, = H z w − (8) The barotropic mode satisfies the shallow water equations (to a very good approximation) and is not considered further in this section. p which is independent of z , and the vertical velocity 0 w is zero. The non-zero velocity in the basic state and the non-linearities in the equations of motions give the potential for instabilities. These linearised equations enjoy separable solutions. The derivation is detailed in Appendix 8, which is a straightforward generalisation of section 6.11 of [Gill(1982) ]. Denoting the small amplitude perturbations by primed variables, functions varying only in the horizontal and time by tildes and functions varying only in the vertical by hats, the horizontal velocity and pressure pertubations are expressed in the forms:
Separable solutions to the linearised equations
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The solutions dependent only on x , y and t are determined by the linearised horizontal momentum equations, 
where e H is the equivalent depth (a separation constant). This system is the linearised form of a shallow water system (see below).
The vertical structure of the perturbed variables is given by 
Formulation in isopycnal coordinates
Governing equations
Following section 3.9.1 of [Vallis(2006) ] we write the density and pressure fields in the form ,
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Here q is the potential vorticity, * u and * v are proportional to the fluxes within the layers (i.e. the velocities multiplied by the thicknesses of the layers), and the superscripts ) (q , ) (u and ) (v indicate the location at which σ is calculated. They have been included at this stage so that the discretised form of the linearised equations can be inferred easily in section 4.1. As usual the partial derivatives in the momentum equations are evaluated with b held constant and the diapycnal velocities have been set to zero.
The hydrostatic equation then takes the form
and for an ideal Boussinesq fluid the continuity equation is given by
in which all partial derivatives are again evaluated with b held constant.
Denoting the buoyancy at 0 = z and
, the boundary conditions of no normal flow are given by ).
Separable solutions to the linearised equations
Assuming an analogous basic state to that of the height coordinates model, the separable solutions which depend only on x , y and t in a continuous model satisfy equations of the same form as those for the height coordinate. However, in a numerical isopycnal model extra terms arise because the layer thicknesses (σ ) in (22) are calculated at different points. Appendix 9 Accepted Article shows that the separable solutions which depend on x , y and t satisfy the following horizontal momentum equations
In the horizontally discreted form of (26a) the terms ) ( v η and ) ( q η orginate from different points. They consequently represent different averages of η and their difference is non-zero. The separable solutions also satisfy the continuity equation (12) which is the same as that for the height coordinate model. Appendix 9 also shows that the vertical structure of the separable solutions is given by
where ĥ describes the vertical variation in the height z′ of the perturbations to the isopycnals and e H is again the separation constant. The boundary conditions are given by
Formulation for shallow water
The shallow water equations, for a layer of constant density in which the bottom of the fluid is at height b z and the depth of the fluid layer is η , are given by 
where 0 b is a constant. A second way to obtain a steady basic state with a fluid depth independent of position is to use a fictitious force added to the momentum equations. One of the numerical test cases in section 5 uses a fictitious force and the other uses a sloping bathymetry to balance the zonal flow.
3 Analysis of the discrete vertical modes
Discretization in height coordinates
The natural discretisation in the vertical of the level model is not clear cut and it is well known that there are a number of options; see [Tokioka(1978) ], [Thuburn and Woollings(2005) ] and [Girard ~al.(2014) Girard, Plante, Desgagnà McTaggart-Cowan, Cotà Charron, Gravel, Lee, Patoine, Qaddouri, Roch, Spacek, Tanguay, Vaillancourt and Zadra] . Most ocean models use the Lorenz grid illustrated in Figure 1a in which u , v , p and ρ are stored on full levels and w (and therefore ĥ ) is stored at half-levels. The vertical structure equations (13) 
and the boundary conditions (16) 
Discretization in isopycnal coordinates
The natural discretisation in the vertical of the isopycnal model is to take the horizontal boundaries to lie at half levels and to store u , v and M at full levels and z (and therefore ĥ ) at half levels as in Figure 1b . Denoting the levels with a subscript k , the level number increasing with height, (27) and (28) 
.
For a grid with K levels, the boundary conditions (29) are simply
One sees that (36) and (37) correspond to (39) and (40). Equations (34) and (35) when combined correspond to (38), but in a form that involves more vertical averaging. The discretisation used above for the isopycnal model corresponds to that for the best category in [Thuburn and Woollings(2005) ] obtained using a Charney-Phillips grid with potential temperature evaluated at half-levels .
Discretised vertical modes
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The impact of the vertical discretisation on the equivalent depth, e H , which is the separation constant and the eigenvalue for the normal modes in the vertical, can be illustrated for the case of uniform stratification and grid-spacing. Then the vertical structure equations for height coordinates (34) - (36) Together with its boundary conditions (41) defines an eigenvalue problem for Λ . These eigenvalues determine 2 n and then e H through (42). Similarly (38) and (39) for isopycnal coordinates reduce to (41) with
The last identity above follows from (19b).
The solutions of (41) are given by
and hence can also be written in the form
where θ is a real argument. The solutions written in this form that also satisfy the boundary conditions, (40) for isopycnal coordinates or (37) for height coordinates, are given by
where N is an integer and
for all integer k within the domain so its vertical velocities are zero. From (36) it also has 0 = k p for all points in the domain and hence by (9) The solutions with 1 = − K N are the ones with the smallest equivalent depths that can give rise to Hollingsworth instabilities. We now calculate their equivalent depths for the realistic case with 1 >> K . For these modes
Equating (44b) and (46) one infers that
As Λ is close to 1 − , one can take
and infer from (47) that
Using (42) and (43) in (48) 
By (42b) and (43b) [Tokioka(1978) ]. It is however clearer from the analysis above than that of [Tokioka(1978) ] that the solutions satisfying (47) have the fastest vertical variation and smallest equivalent depths of all the vertical modes that need to be considered on the Charney-Phillips and Lorenz grids. So all the vertical modes on the Charney-Phillips grid are well-behaved and have equivalent depths of the same order of magnitude as the continuous equations, whilst the modes with the most rapid variation in the vertical on Lorenz grids have much smaller equivalent depths because of their similarity to the computational mode.
Analysis of the discretised SWEs
Formulation of een scheme
For simplicity the equations will be written in Cartesian coordinates and discretised on a C-grid with uniform, but not necessarily isotropic, grid spacing. The arrangement of variables on the C-grid is illustrated in Figure 2 . [Arakawa and Lamb(1981) ].
Accepted Article The following difference and average operators will be used. Let ξ denote any of the coordinate directions x , y and z , ι denote its discrete indexing and ψ denote any function of ξ . Then ( )
The index for which the quantity is calculated is usually suppressed. All of these operators commute with each other and obey the associative laws of arithmetic. [Adcroft ~al.(1997) Adcroft, Hill and Marshall] provide a useful summary of identities they satisfy.
The discretisation on a C-grid of ζ as defined by (2a) 
where the E subscript indicates the expression is relevant to the een scheme. Additional
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For shallow water and isopycnal coordinate models the een scheme calculates (22) using
As noted by HKRB, this averaging of the layers also needs to be used in the discretisation of the mass fluxes in the continuity equation,
to ensure conservation of total (kinetic plus potential) energy with the modified form of the kinetic energy,
The een scheme for the SWEs associated with height coordinates discretises the terms Zv and Zu of (30) using
Expressions for the SWEs associated with isopycnal coordinates are obtained by replacing Z , u and v by q , * u and * v respectively in (57). These expressions were noted in HKRB and are briefly derived from the expression for the een scheme used by AL in Appendix 10. Accepted Article
Linearisation of the een scheme
Using (51) in (58) and (60), one sees that the discrete linearised form of the momentum SWE (30) is given by
The first line of each equation above consists of terms corresponding to those present in the continuous equations. The second line consists of additional terms arising from the discretisation employed which have the potential to give rise to spurious effects (the noncancelling terms of HKRB). In HKRB the basic flow was taken to be zonal, 0 = 1 v , and the terms proportional to I δ were not considered. The instability of the original scheme was traced by HKRB to lack of cancellation between
in the first term on the second line of the y -component of the momentum equation. The kinetic energy in their modified scheme was re-formulated as in (56) to ensure that this term is identically zero (
. Both terms on the second line of each of the equations in (61) are zero for the modified schemes in both height and isopycnal coordinates. The stability of the modified schemes derived below is due in large part to this. For isopycnal coordinates the additional term proportional to I δ is only zero when the mass fluxes are calculated using (54).
Linearising (55) one also finds that
where H is the unperturbed depth.
Stability matrices
The properties of the numerical schemes are best analysed in terms of non-dimensional parameters. So it will be assumed that the perturbations are of a wave-like form
where ω is a non-dimensional frequency normalised using 0 f , and κ and λ are nondimensional horizontal wavenumbers for the x -and y -directions normalised using the grid spacings x Δ and y Δ respectively. As is usual in linearised stability calculations, physical
Accepted Article quantities are given by the real parts of the above expressions and of those obtained below.
for any quantity ψ which varies with x , y and t in the same way as the quantities in (63) 
It is convenient also to introduce the coefficients corresponding to the averaging operators,
and the associated modified coefficients which are given by 
and to complete the set of non-dimensional parameters using
c R is twice the ratio of the Rossby radius ( 0 /f c ) and the grid spacing y Δ (the factor of 2 has been introduced to simplify expressions later) and X is the ratio of the grid-spacings. In models using latitude and longitude coordinates the latter ratio is small near the pole so the range 1 < 0 ≤ X is of interest. The grid-scale Rossby numbers u R and v R for the flows 1 u and 1 v can be constructed using the above parameters
We note that the factors of 2 in (71) result in values for u R and v R that are a factor of 2 larger than the values one would obtain using the classical definition of grid-scale Rossby numbers.
Substituting the above relations into the discrete linearised equations (61) and (62), after some algebra (doing normalizations using 0 f , H , g and c ), one obtains a matrix form of the stability problem This article is protected by copyright. All rights reserved. In (72) where I is the identity matrix and H is an Hermitian matrix, that is a matrix whose transpose is equal to its complex conjugate. All eigenvalues of Hermitian matrices are real-valued and hence the corresponding perturbations are neutrally stable. The eigenvectors of Hermitian matrices are also orthogonal (or can be chosen to be when two or more of the eigenvalues are identical). The gravity wave and Rossby wave solutions of (72) have different phase speeds and hence different eigenvalues so are automatically orthogonal. In conclusion the linear perturbations of the form (63) can be used to represent any initial conditions and the basic flow is neutrally stable to all linear perturbations.
Stability in isopycnal coordinates
Consider now the stability problem (72) for the original scheme using isopycnal coordinates ( 1 =
I δ
). It will be convenient to introduce ). An interpretation of this result is presented in appendix 12.
Instabilities of the original schemes
There are of course general expressions for the solutions of the cubic equations derived from setting the determinant of the matrix in (72) to zero but the resulting expressions for the growth rates of the instabilities present in the original scheme are complicated and do not aid understanding. The expressions for instabilities aligned with the grid are much simpler than those for the general case so, following HKRB, these are considered first in this section. The solutions obtained numerically motivated the calculations for very small equivalent depths presented at the end of the section. The solutions are only presented for the een scheme but entirely analogous arguments and solutions hold for the AL scheme.
Instabilities aligned with the grid
We will consider instabilities that are aligned with the grid and without loss of generality take 0 = κ (rather than 0 = λ ). Both 1 u and 1 v will be allowed to be non-zero (which was not the case in HKRB). (85) and (86) are essentially the same as (6) in HKRB and are clearly a version of the dispersion relation for inertia-gravity waves. The final term on the rhs of (85) is purely imaginary and destabilises the inertia-gravity waves. When 1 = I δ this term is zero and the solutions for ϖ are all real. So the SWEs discretised using q in the Zu and Zv terms and isopycnal coordinate models should not suffer from symmetric instabilities of the kind discovered by [Hollingsworth ~al.(1983) Hollingsworth, Kallberg, Renner and Burridge] . This result is consistent with the comments made in [Arakawa(2000) ] that were noted in the introduction and the results of the previous sub-section.
The dependence of the non-dimensional growth rate on the non-dimensional parameters for height coordinate models ( 
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Differentiating J wrt λ one finds (in agreement with HKRB) that it is a maximum for the 3-gridpoint wave with In practice the growth rates of the instabilities are likely to be reduced by dissipative fluxes. Vertical diffusion of momentum is a parameterisation of an important physical process in ocean model which usually has large coefficients within the surface boundary layer and is a sufficiently fast process to need to be calculated implicitly. As the specification of the viscous coefficients varies considerably from one numerical model to another in the analysis below it is specified simply as being proportional to m A , that is we set
Instabilities for very small Froude or Rossby numbers
leaving the dependence on the vertical (and horizontal) wavenumbers of the disturbance for the reader to specify. These viscous dissipation terms only make contributions to the diagonal elements in the upper two rows of the stability matrix. The revised diagonal elements, 11 E′ and 22 E′ are given by . i = , i = (88) and (89) (72). Clearly the agreement is good. The red line in figure 3 is the solution of (89). This solution depends only on u R and is expected to hold only when u F is very large. Comparing figures 4.6(b) and 3 one sees that the approximation requires u F to be very large to be accurate. figure 5(a) ). Figure 6 is the same as figure 5 except that it shows the maximum growth rates for the AL scheme rather than the een scheme. The plot of maximum growth rate for symmetric disturbances only corresponding to figure 6a is again not shown because they are barely distinguishable. (a) (b) Figure 6 : The same as Figure 5 except that the results are for the AL scheme rather than the een scheme.
Numerical evaluations of solutions of the stability matrices
This article is protected by copyright. All rights reserved. . It is symmetric about the line λ κ = as one would expect from the symmetries of the problem. More interesting is that it shows that the most unstable perturbations are aligned with the grid rather than the background flow, the alignment again being particularly strong when 1 >> Numerical solutions of (72) strongly suggest that all linear disturbances to a flow in any direction are neutrally stable for the original schemes in isopycnal coordinates. This result motivated the analysis presented in section 4.5.
Numerical analyses of the SWE
To investigate the instability using the fully nonlinear shallow water equations, we implemented the een scheme (as described in sub-section 4.1) on a [0,1] [0,1]× doubly periodic plane with an explicit fourth order four stages Runge-Kutta time-integration scheme. The model was validated using initial conditions given by ) (2 sin = y u π , 0 = v and h chosen to balance with u . Second order accuracy in space and conservation of total energy and total potential enstrophy within time truncation errors was achieved on all 4 configurations tested: original and modified schemes, with height and isopycnal coordinates. This article is protected by copyright. All rights reserved.
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One of the main outcomes of this study is that the developer of a new numerical scheme should be able to test whether it will suffer from Hollingsworth type instabilities in a shallow water model context, rather than having to wait for a fully 3D version of the scheme to be developed. The key point is to use uniformly small equivalent depths which slow down the gravity waves and highlight nonlinear effects. A similar approach was discussed by [Gassmann(2011) ] in an investigation of the divergence of computational modes on triangular grids. To help researchers track the instability at the shallow water development stage, we propose two test cases.
Instabilities on a constant zonal flow
In this first test case we used a constant initial zonal flow, a flat bottom ( ). To trigger the instability, we added a small perturbation to η at the central point of the domain (we used /1000 H + ). The modified scheme in height coordinates and both schemes in isopycnal coordinates did not reveal any instabilities in the tests performed. However, the height coordinate model with the original een scheme suffers from instabilities with a dominant non-dimensional wavenumber λ , of approximately /3 2π which grow in amplitude by a factor larger than 3 10 for every nondimensional time unit (see Figure 8 ). Taking the difference from the initial state, ) (t E , to grow exponentially with time at a rate given by . Since the prognostic variables are functions only of y , the solution is independent of x , and the shallow water equations reduce to a 1D problem. The only initial source of error is due to the non cancellation of the nonlinear terms in the evolution equation for v . For appropriate choices of the parameters, the instability afflicts the height coordinate model with the original een scheme, as expected. We show in figure 9 an example (parameters ) of the spectrum a few time steps before the model blows up, and also the evolution with time of the maximum error in the layer thickness (η ) (i.e. the maximum difference from its original value). The initial condition is dominated by a low wavenumber pattern (wave number 2), but as time evolves, errors in higher wavenumbers appear and the instability is triggered. Once triggered, the growth rates are very large. The estimated non-dimensional growth rate for the parameters used in figure 9 is 2.0 ≈ i ω . This test case has non zero relative vorticity and growth rates that are somewhat larger than those obtained using the formulae for a constant flow on an f -plane. Figure 10 provides a snapshot of the model fields at a time when the instability is emerging in the h and v fields. 
Concluding summary and discussion
The factors that determine the linear stability of constant flows on an f -plane to gridscale disturbances have been clarified for a number of discretisations of the vector invariant momentum equations which use regular rectangular grids in the horizontal. The 3D stability problems obtained in height coordinates and isopycnal coordinates have been confirmed to be soluble as a linear combination of products of a vertical mode and a solution of linearised shallow water equations (SWEs) with the depth H of the water determined by the eigenvalue of the vertical mode. Two dimensional SWEs which can be used to explore the stability of new 3D dynamical cores written in height or isopycnal coordinates have also been identified.
The depth H of the SWE associated with the modes of highest vertical wavenumber obtained using the Lorenz grid decreases more rapidly as the number of depth levels increases than is the case for solutions obtained using the Charney-Phillips grid, for reasons related to the occurrence of the computational mode on the Lorenz grid.
The 3 3× matrices which determine the linear stability of the een (energy and enstrophy conserving) scheme (and the AL scheme) both in their original and modified forms and in height and isopycnal coordinates have been constructed. It has been shown that these stability problems for all the modified schemes can be written as eigenvalue problems for Hermitian matrices and This article is protected by copyright. All rights reserved.
hence that all the modified schemes are neutrally stable. The instabilities obtained for the original schemes in height coordinates grow most rapidly when the Froude number and the gridscale Rossby numbers are large and the instability is nearly aligned with the grid.
Simple expressions for the growth rates have been obtained for instabilities aligned with the grid and for instabilities when the Froude number or the Rossby number is very small. Our numerical investigations of the original schemes for isopycnal coordinates found that they do not suffer from Hollingsworth instabilities, in agreement with [Arakawa(2000) ]. The determinant of the stability matrix for this case has been shown to reduce to a simple factorisable form which has real solutions and an explanation of this result has been proposed in terms of solutions of the linearised SWEs with uniform potential vorticity (appendix 12).
As shown by HKRB (see the discussion following (85) and (86)) the instabilities are inertia-gravity waves that have been destabilised by the discretisation of the generalised Coriolis terms. Consequently, and consistent with the discussion in appendix B of [Gassmann(2013) ], one would not expect quasi-geostrophic models (which do not represent inertia-gravity waves) to suffer from them. [Gassmann(2013) ] notes that the instabilities occur preferentially in regions of high vertical shear where the stratification is relatively weak and the phase speeds of the internal modes are consequently relatively slow. The Froude number will be highest in these regions so, provided the Rossby number is high enough, the instabilities will grow more rapidly in these regions.
Our results show that basic states that have no horizontal temperature gradients (and associated vertical shear in the horizontal velocity) can suffer from the Hollingsworth instability when discretised using the een or AL schemes and height coordinates. High vertical shear and high horizontal velocity tend to occur near to each other, so in practice it will be difficult to distinguish whether an instability seen in a model is associated with one rather than the other, especially when other factors (stratification, vertical grid spacing) are also implicated. The instabilities can be obtained in height coordinates if a C-P vertical grid is used with a large number of vertical levels but will usually grow faster on a Lorenz grid (with the same number of vertical levels) because the equivalent depth of the most rapidly varying modes is then much smaller and the Froude number much larger. These instabilities do not occur for these simple states discretised using isopycnal coordinates but this does not rule out the possibility that other instabilities owing their existence to discretisation issues rather than physical causes may occur on more complex flows, for example on a β -plane or the sphere or, as found by [Arakawa and Moorthi(1988) ], on flows with vertical shear.
The origin of the instabilities in height coordinates might be attributed to a a loss of some form of momentum conservation, as suggested by HKRB, or to the loss of the invariance of the momentum equations to uniform motion of the frame of reference. As suggested (but not proved) by HKRB and AL, by smoothing the kinetic energy in the Bernoulli potential using a stencil similar to that used in the generalised Coriolis terms one can obtain a modified scheme which is stable to all disturbances. The instabilities for the original schemes grow extremely rapidly when the Froude number and Rossby number are very large but sufficient cancellation of terms may be possible using this approach on other (e.g. hexagonal) grids as suggested by [Gassmann(2013) ].
It is hoped that the above results will help developers of new dynamical schemes (e.g. on triangular, hexagonal and other meshes) to test their schemes using appropriately configured SWEs and to devise modified schemes which do not suffer from Hollingsworth instabilities.
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Appendix
Notation
Tables 1 -3 summarise the notation used in the main body of the paper. The third column of the tables refers to the equations where symbols are first introduced. 
In summary the above set has five unknowns u′ , v′ , w′ , ρ′ and p′ that are constrained by five equations and the boundary conditions (108).
Separable solutions
Comparing the five equations just summarised with those in section 6.11 of [Gill(1982) ] one sees that they enjoy separable solutions of the same form. Departing slightly from the order of Gill's derivation we assume that the variations in u′ , v′ and p′ are given by (9). Then
where Φ is given by (11) and the horizontal momentum equations reduce to (10).
Following Gill we let ). , , 
Eliminating w from (111) using (110) we obtain (12). Hence the solutions dependent on x , y and t are governed by the shallow water equations (10) (14) and (15) and the boundary conditions (16) obtained from (108) and (109).
Separation of variables in isopycnal model
Basic state and perturbed equations
The assumed basic state is the same as that in the previous section. Here we just adjust the notation. So, the stably stratified state is expressed as a profile ) ( 0 b z that is in hydrostatic balance
The horizontal velocity field ) , ( 
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The relative vorticity is again zero and the total vorticity,
, is independent of position. The horizontal momentum equations for the perturbations are given by
where ζ ′ is given by (104a) and (23), hydrostatic balance for the perturbations is given by
Continuity of mass, (24), gives
and the boundary conditions, (25), become ).
In summary the above set has four unknowns u′ , v′ , M ′ and z′ that are constrained by four equations and the above boundary conditions.
Separable solutions
and the terms in (114) and (115) other than those involving σ ′ reduce to (26). These additional terms will be considered shortly.
and substituting (120c) and (122) into (117) gives (27) . Substituting (120) and (122) also into (118) and introducing the separation constant e H one obtains (12) and (28). The vertical structure of the additional terms in the horizontal momentum equations can now be considered. Using (19) and (28) one sees that their vertical structure is given by Hence these additional terms have the same vertical structure as the other terms in the momentum equations and (114) and (115) reduce to (26).
Finally the boundary conditions obtained from (119) and (122) 
The other contribution at point A is calculated using the value of q at point 5 in Figure 11a . Point 5 is on the opposite side of the u point from point 2. The remaining contribution at point B also involves q at point 5. So the sum of these two contributions is equal to 1/6 times q at point 5 times A similar argument to that given above establishes (57b).
Stability analysis for the AL scheme
As for the een scheme the original and modified AL schemes can be concisely written by defining the averaging operators , , [Ketefian and Jacobson(2009) ] note that the AL scheme can be expressed in the form given by (135) -(136) and these equations are derived in detail in the appendices of [Ketefian(2006) ]. For height coordinates the same expressions apply with q replaced by Z , * u by u and * v by v . The original version of the AL scheme takes e K to be discretised in the same way as in the original een scheme. AL propose a modified form for the kinetic energy in their equation (6.1). A form which is more similar to that used above for the een scheme whose first term gives the same gradients of A K as the form proposed by AL is given by This article is protected by copyright. All rights reserved.
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The last term in (138) is only used in the modified scheme. It has been introduced here to cancel contributions arising from the Coriolis terms proportional to ε and φ in (135) and (136).
Using the above discretisations one finds that in place of (61) - (62) (139) and (140) consist of terms corresponding to those in the original equations. For the modified schemes the other terms are either zero or contribute only to diagonal terms of the stability matrix, so the stability matrix is Hermitian as it was for the een scheme.
